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Abstract

In this note, we obtain sufficient conditions under which changes in income inequality lead to an increase or decrease in the
market demand elasticities in the case of heterogeneous preferences among the consumers. In this paper, we applied
majorization theory to study dependence of market demand elasticity on the inequality in income distribution among the
consumers. In this note, we extend the results obtained to the case where consumers’ preferences are heterogeneous and the
condition on equality of individual demand functions does not necessarily hold. This case is more realistic because consumers’
preferences are affected by a variety of different factors.
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In recent years, a number of studies have focused on modeling income inequality using majorization relation (see, e.g.,
Marshall and Olkin [6]) and applications of the latter concept to the problems in economics. The approach to the analysis
of income inequality based on majorization which dates back to Lorenz [5] has been used, among others, by Atkinson [1],
Dasgupta, Sen and Starrett [2], Shorrocks [8] and, more recently, Saposnik [7]. Using related concepts and methods,
Lambert and Pfahler [4] presented an analysis of the effects of income (re-)distribution on the market demand for a good
or service.

In [3], the authors applied majorization theory to study dependence of market demand elasticity on the inequality in
income distribution among the consumers. However, in [3] it is assumed that consumers’ preferences are the same for
given prices on goods independently of their income levels. In this note, we extend the results obtained in [3] to the case
where consumers’ preferences are heterogeneous and the condition on equality of individual demand functions does not
necessarily hold. This case is more realistic because consumers’ preferences are affected by a variety of different factors.

Let there be K consumers and M goods in an economy. Denote by ¢, (P, I;,) the function of the kth consumer’s
demand on the mth good, by I = (14, ..., Ix) the vector of incomes of the consumers and by P = (py, ..., py) the
vector of prices on goods.

Let @,,(P,I) = YX_, 0. (P, I;) be the function of market (aggregate) demand on good m and let e,,(I) =
dlog @,(P,1)/0 log p,, Stand for its own-price elasticity. Denote by S,., < R, the domain of definition of the
function @, (P, I) and by S, = {(P,I) = (P,I,...,Ix) € RM*X (P,I,) € Sy, k = 1,...,K} the domain of definition
of the function ®,,,(P,I),m = 1,..., M.

According to the idea going back to Lorenz [5] (see Marshall and Olkin [6]), a vector IV = (1™, ..., 1()
represents a more uniform distribution of the total income Y among K consumers than a vector I1® = (1%, ..., 1?) if

L < B I, FLK and BE 1 = BK 1 = v, where 19, =1, 2, are the income levels of the ith

consumer and Iy U) > I[(ZJ]) > - I[(IQ denote the components of the vectors I(j), j = 1,2, in decreasing order (if the

above condltlons hoId it is said that the vector IV = (1, ..., 1"y is majorized by I® = (1P, ..., 1%, written 1V <
1.

A function f (I) is called Schur-convex (resp., Schur-concave) in | if IV < 1®) = (f(l(l)) <f (1(2))) (resp.

UV <1®) 5 (F(I1D) = F(1D))),
Theorem 1. (i) Let the individual demand functions ¢, (P, I,,) be twice continuously differentiable and let, for all

(P,I) € S, suchthat I, < I, the following conditions hold:
0Pmr(P.Ir) < OPmyr(P, Is) (1)
al, = al
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0% @mr(P.Iy) < 3% Qmyr(P.I5) , (2)
Apmal, OpmaIg

where pm is the price of the mth good in consideration. Then the absolute value of the elasticity |em(l)| is Schur —
concave in | on the set Sm. That is, the more non-uniform is the distribution of the total income among consumers in the
economy, the smaller is the elasticity of the aggregate demand on the considered good by the absolute value.

(i) If in conditions (1) and (2) the inequality sign < is replaced by >, then the absolute value of the elasticity jem(l)|
is Schur-convex in | on Sm. That is, the more non-uniform is the distribution of the total income among the consumers,
the larger is the elasticity of the aggregate demand on the considered good by the absolute value.

Proof. (i) Let g, (P, I) = 0D, (P,1)/0p;, = XX_, 0ppi (P, 1})/dpy be the deriva tive of the function of
aggregate demand on the mth good with respect to its price. If conditions (1) and (2) are satisfied, then the following
inequalities hold:

I —1Iy) (M - M) =, —1,) (6 héer Omic(Pli) az§=1¢mk(ark)) — - 1) (aq>mr(p,:r) _ acpms(p,zs))

I, al, al, alg al, al,
and

1y (29m®PD agm(P.I)) — 7 _ (azcbmr(P,I) _ azd>ms(P.I)) -
(I IS)( al, g == 1) Apmal, apmdls ) = 0

In addition, from the definition of the functions ®,,, (P, I) and g,,, (P, I) it follows that they are symmetric on the
set Sm, that is,
Op(P I, 1) = 0 (P IS, D)

gmP I, D) = gn(PLISG - I G)

for all permutations = : {1,...,K} - {1,..K}oftheset{1,..K}

Consequently, according to Theorem 3.A.4 in [6], the functions &,,(P,I) and g,,,(P,I) are Schur-convex in I, that
is, IV < 1@ implies @,,(P, IV) < &, (P, 1®) and g,,(P,IV) < g, (P, I?).

Since the function g,,, (P, I) is non-positive, from IV < 12 it thus follows that

gm(P.I(l)) < gm(P,l(Z))
@y (PID) = @,y (PID)

or, equivalents

@y = 22mPIY) | Pm 0om(PID) _ pm 2
em (I ) Pm KI)m(P,I(l)) < o d)m(P,I(Z)) em(l )

Thatis, I < 1® implies |e,,(I®)| < |e,(I™)], as claimed.

(i) If in conditions (1) and (2) the inequality sign < is replaced by >, then the functions ®,,,(P, I) and g,,,(P, I)
are Schur-concave in I, that is, I® < I implies ®,,,(P,1V) > ®,,(P,I1®) and g, (P, IV) = g,,(P, 1) The
rest of the arguments is completely similar to part (i).

Example 1. Suppose that the function of market demand for good m has the CES form: &@,,(P,I) =
YK d(Poagy 1), where 1[1] = 1[2] = .2 Iy, 1 = @y = @) 2.2 ag > 1/2,6(P,a,) =%(P,a,) and

( ) p—l/(l—a)
P: Qa, = %
lnb Zy:1 pj a/(1—-a)

are the factors at the individual CES utility functions (that is, the consumers with a higher income | have a higher
elasticity of substitution —1/(1 — a)). We have

ap(Parly) _ 1
ol Pm(Zﬁl(pj/pm)_ar/(l_aT))
0party) (@S (pj/om) )

= =
molr 2 (1-ar)(ZM, (0j/0m) 7T TT)

- -_— _1 . . . .
Simee the function (X1, (p;/7m) /@ “r)) is increasing in a € (0,1) forp; = py,j = 1,...,M,j # m, we

have that @,,, (P, I) satisfies conditions (1) if p; = pm,j = 1,...,M,j # m. Further, since the function a(x) =

ax? — x is increasing in x for x >1/(2a) , we get that @, (P,I) satisfies conditions (2) if

_1\@-a)/a; . . . .
pj/Pm = maxi—1_g (2";—_11) forj = 1,...,M,j # m. From part (i) of Theorem 1 we obtain that, in this

domain, an increase in income inequality leads to a decrease in the absolute value of the market demand elasticity.
Similarly, in the above domain, the market demand function ®,,,(P,I) = ¥, ¢(P, aq, I;j;) , Where agy < ag) <
< ay and Iy = Iy = - = I are ordered in the opposite ways, satisfies conditions (1) and (2) with the inequality
signs < replaced by >. From part (i) of Theorem 1 we conclude that, in this case, an increase in income inequality leads
to an increase in the absolute value of the market demand elasticity.
Example 2. Suppose that the function of market demand for good m has the form

186



ISSN 2039-2117 (online) Mediterranean Journal of Social Sciences Vol 5 No 24
ISSN 2039-9340 (print) MCSER Pub]jshmg) Rome,]m]] November 2014

al

& (0, D) =35, ¢(p, i, Bi Iyy) . Where ¢(p‘a"8’1)=(1+ﬁp)

necessity, a;, f; > 0,i = 1,...,K, are some constants and, as in Example 1, Ij;; = Ij5q =...2= Ijgqy. Itis not difficult
to check that conditions (1) and (2) of part (i) of Theorem 1 are satisfied if and only if, for r > s,
arPr asPs
(1ir1+6:p)° = (11s1+B5p)° @
“r[”‘r(l[r]‘ﬁrap) < “sﬁs(l[s]‘ﬁsgp) 4)
(I +Arp) (1151+Bsp)

Letr > s. Assume that the vector I = (0,0,...,0) belongs to the domain of definition of ®,,(p, I). Suppose that
conditions (1) and (2) of Theorem 1 are satisfied. Then from inequalities (3) and (4) for I = (0,0, ..., 0) it follows that

ar/as = B/ Bs (5)

It is easy to see that condition (3) is thus equivalent to B, /(I;, + Brp) < Bs/(Iis) + Bsp) OF Iyy/Br = Iis) + Bs/Bs-
Since I, < Ijs)we conclude that, for conditions (3) and (4) to be satisfied it is necessary that (5) holds for all r > s
and, in addition, forall r > s,

Br < Bs, ar < a (6)

Suppose that the satiation level for good m is the same for all the consumers, that is, forp = Oand all r, s,
¢(0,a,, B, 1) = ¢(0, as, B, 1;). Then from the definition of the individual demand functions ¢ and (5) it follows that
a, = a; and B, = B, for all r, s. Since, as is easy to see, from the above analysis it follows that inequalities (6) are
strict for I[r] < I[s] if conditions (1) and (2) are satisfied, we conclude that part (i) of Theorem 1 cannot hold.

As above, we get that part (i) of Theorem 1 holds if and only if (3) and (4) are satisfied with the inequality sign <
replaced by >. For I[r] = I[s] = 0 this implies conditions (5). Assuming that the satiation level for good m is the same for all
the consumers, we get that, as above, a, = a and B, = B, for allr, s. Thus, it is easy to see that part (i) of Theorem 1
holds if and only if, forall » > s,

(I[r] - Bp)/(l[r] + Bp)3 2 (I[S] - ﬂp)/(l[s] + Bp)3 (7)

where g = B, = B,. Similar to Example 1 in [3], it is not difficult to check that conditions (7) are satisfied if (j; >
2fp), that is if the income levels of all the consumers are not less than 23p.

is a typical function on goods of first
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